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STEP LOAD MOVING WITH SUPERSEISMIC VELOCITY ON THE
SURFACE OF AN ELASTIC-PLASTIC HALF-SPACE*

H. H. BLEICH and A. T. MATTHEWS

Department of Civil Engineering and Engineering Mechanics. Columbia University, New York

Abstract-The plane strain problem of a step load moving with uniform superseismic velocity V> C p on the
surface of a half-space is con~idered for an elastic-plastic material obeying the von Mises yield condition.

Using dimensional analysis the governing quasi-linear partial differential equations are converted into
ordinary nonlinear differential equations which are solved numerically using a digital computer. To overcome
computing difficulties asymptotic solutions are derived in the vicinity of a singular point of the differential equa­
tions.

Typical numerical results are presented for selected values of significant non-dimensional parameters, i.e.
of the surface load Polk. of Poisson's ratio v. and of the velocity ratio VIcp.
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functions defined by equations (3.39)
functions defined by equations (3.l4H3.16) and (3.26)
velocity of propagation of elastic P-waves. S-waves and of inelastic shock fronts. respectively
plastic potential, equation (2.1l
shear modulus
invariants of stress
yield stress in shear. equation (2.1)

bulk modulus

function related to inelastic behavior. equation (2.36)
surface pressure
intensities of step load surface pressure
variable defined by equation (2.19)
principal stress deviators
stress deviators with respect to axes x. y. etc.
time
components of particle velocity and acceleration in x and y directions. respectively
velocity of surface pressure
cartesian coordinates. Fig. I

nondimensional expression

values of X at P- and S-fronts. respectively

nondimensional stress variable

angle between the directions of s 1 and of the position ray of an element. Fig. 4
small quantity for purposes of asymptotic expansion
increments of a. l'. r. etc. at a front
small quantity for purposes of asymptotic expansion
strains. strain-rates

* This investigation was sponsored by the Office of Naval Research under Contract Nonr 266(86) with
Columbia University.

t Other symbols. which are used in one location only. are defined as they occur.
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small quantity for purposes of asymptotic expansion

angle defining direction of the principal stress (J l' Fig. 4
function related to inelastic behavior, equation (2.8)
Poisson's ratio
variable defined by equation (2.13)
mass density of medium
stresses, stress rates
principal stresses
shear stress
position angle of element, Fig. 4
position of the elastic P- and S- and of the inelastic shock fronts, respectively
limits of inelastic regions
differentiation with respect to </>

1. INTRODUCTION

THE two dimensional steady-state problem considering the effect of a pressure pulse
p(x - Vt) progressing with the velocity Von the surface of an elastic half-space, Fig. 1, has

~ VELOCITY V

FIG. I

been treated by Cole and Huth [IJ for a line load, By superposition their solution may be
used to find the effect for any other distribution p(x - Vt). The equivalent problem for
linearly viscoelastic materials was treated by Sackman [2J, and Workman and Bleich [3J,
in the superseismic and subseismic ranges, respectively. The present paper considers the
problem again, but in an elastic-plastic material subject to the von Mises yield condition.
In this material the problem becomes nonlinear, so that superposition is not permitted
and each pressure distribution p(x - Vt) poses a separate problem. The present paper
treats only the case of a progressing step load p(x - Vt) == PoH(Vt - x).

Interest in steady-state problems is not only due to the fact that they are natural stepping
stones towards physically more meaningful, but more complex nonsteady problems. In
the elastic case Miles [4J has considered the three dimensional problem of loads with
axially symmetric distribution p(r, t) over an expanding circular area on the surface, Fig. 2.

FIG. 2
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He has demonstrated that the plane problem [1] is the asymptotic solution for the three
dimensional one in the region near the wave front. This gives rise to the expectation that
the situation in other materials may be similar. This motivation for the search for steady­
state solutions limits interest to those which do not violate conditions which asymptotic
solutions of three dimensional problems must satisfy.

The conditions to be imposed on steady-state solutions to eliminate any which are
not asymptotic solutions of the problem in Fig. 2, or ofa similar one, can easily be recognized
in the elementary example of a half-space of an inviscid compressible fluid loaded by a
uniform pressure pulse p, which progresses with supersonic velocity, V> c. There is an
obvious solution, Fig. 3a, in which the load produces a plane wave of intensity p progressing
with a front inclined at the appropriate angle t/J = sin - l(cIV). However, this is not the only
steady-state solution. An alternative is a plane wave, the front of which is inclined at the
angle 1800

- t/J. Combinations of the two solutions are also correct steady-state solutions.
To find states generated by the application of a progressing pressure on the surface only,
it can be reasoned that solutions which include the wave front shown in Fig. 3b can not
apply because the medium ahead of the front shown in Fig. 3a should be undisturbed when
the applied load advances from the left with supersonic velocity. Further, the transient
supersonic solution being irrotational without a singularity in pressure or velocity at
the wave front, the same must hold in the steady-state. This reasoning leads to unique
steady-state solutions for fluids and also for elastic materials in supersonic and super­
seismic cases, respectively. An equivalent approach will be utilized in this paper.*

FIG.3a

FIG.3b

* In subsonic or subseismic cases the equivalent approach is not fully successful. For example. in elastic materials
the steady-state solution in the subseismic range is unique for many, but not all quantities. Expressions for the
horizontal stress and for the velocities contain arbitrary constants which can not be determined.



822 H. H. BLEICH and A. T. MATTHEWS

In elastic-plastic materials different sets of differential equations apply in the elastic,
or neutral, and in the plastic regions. The fact that these regions have moving, a priori
unknown boundaries, complicates the solution of dynamic problems considerably. In
the following, the basic equations will be formulated and solved separately in plastic and in
nondissipative regions. The partial solutions will be matched to obtain a complete one
satisfying the prescribed surface conditions and additional ones obtained from the require­
ment that the steady-state solutions should qualify as asymptotic for a transient problem
of the type shown in Fig. 2. Using dimensional analysis, similar to the approach used in a
simpler case [5J, permits transformation of the original nonlinear partial differential
equations in plastic regions into a set of simultaneous ordinary ones. Their solution in
the nondissipative case is elementary. Those in the plastic case are nonlinear and much
too complex for closed solution, but they can be solved numerically requiring the solution
of transcendental equations and quadratures, for both of which digital computers are
employed. Break down of the computer solutions in the vicinity of a singular point of the
set of differential equations made the derivation of asymptotic solutions necessary.

While the solution of the problem is obtained without overt use of characteristic
methods, it is actually dependent on the hyperbolic character of the quasi-linear differential
equations. It was previously proved in [6, Appendix BJ that the steady-state problem in
plastic regions is hyperbolic for superseismic velocities V> Cp .

2. FORMULATION OF THE BASIC EQUATIONS

Figure 4 indicates the half-space and a system of Cartesian coordinates. The x-axis
is in the direction of motion of the step load. the y- and z-axes are normal to the surface
in and out of the plane of the figure, respectively. The analysis considers the case of plane
strain, I::z = 0, when the velocity V of the step load is superseismic, i.e. larger than the
largest elastic or plastic wave velocity, which is the one of elastic P-waves in the material.

FIG. 4

Throughout the analysis it is assumed that the strains and velocities are small, so that their
higher powers may be neglected in comparison to linear terms.

To describe the behavior of the elastic-plastic material the yield function F is introduced

(2.1 )
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where J~ is the invariant

(2.2)

and the value k > 0 is the yield stress in shear.
The behavior of an element of the material is defined by the following statements.
I. The value of the function F may never be positive

F 5, O.

2. If, in an element of the material at a given instant,

F<O

(2.3)

(2.4)

the rates of change in stress and strain are related by the conventional elastic relations.
3. However, if the yield condition

F=O (2.5)

is satisfied, three possibilities exist: (a) in the next instant of time the material may be in a
state of plastic deformation; (b) it may be in a state of elastic unloading; (c) it may be in a
neutral state.

(a) If the material is in a state of plastic deformation

F=O
the total strain rate will be the sum of an elastic and a plastic portion

(2.6)

(2.7)

where £5 is obtained from the conventional elastic relations, while, based on the
concept of a plastic potential,

Awhich must be positive

A>O

(2.8)

(2.9)

is an a priori unknown function of space and time, to be found as part of the solution
of the problem.

(b) In case ofelastic unloading F < 0 holds, and the elastic stress-strain relations apply.
(c) In the neutral state F vanishes as in case (a), but neither energy dissipation nor

permanent deformation occurs, and the elastic stress-strain relations apply. In
the present problem neutral regions ofa particularly simple type will be encountered
in which neither the stress nor the strain changes,

For the purpose of this paper it is convenient to combine elastic and neutral regions,
which will be called "nondissipative", as opposed to plastic regions, where A > 0, indicating
that energy is dissipated. In the nondissipative regions the changes in stress and strain
are governed by the elastic relations, while in plastic regions, equations (7) and (8) apply.
Formally, the equations in nondissipative regions can therefore be obtained by substitution
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of A = 0 into the differential equations derived below for the plastic regions, and by
replacing the conditions F = F = 0 by the inequality (3).

Substituting equations (7) and (8) and the elastic stress-strain relations into the relation

8·· = -21(v . .+1''')lJ t.) J,t

the following constitutive equations are obtained for the case of plane strain

(2.10)

_I. 1-2v. A - (lvxj
2G sx + 6(1 +v)G JI + Sx - ax

1. 1- 2v . oVy

2G sy + 6(1 + v)G JI +ASy = oy

_I i+Ar ~(ov:,+avy)
2G 2 ay ax

1 1-2v .
2G(Sx+ sY)-6/1 +v)GJ1 +).(sx+Sy)

(2.lla)

(2.llb)

J 1 is the first invariant of stress, sx' Sy and vx' vy are, respectively, the stress deviators, and
the components of the particle velocity in the x and y directions.

Further, there are two equations of motion

asx+~ oJ I+ ar =/li}
ax 3 ax ay at

(2.12)
OSy 1 oj 1 or avy '
a; + 3 ay +ax = Pat

Equations (11) and (12) and the respective requirements on F and A. complete the formula­
tion except for initial and boundary conditions.

In the steady-state problem of a half-space subject to a surface pressure p(x, t), the
latter and all expressions for stresses, velocities, etc., in the solution must be functions of

~=x-Vt. (2.13)

(2.14)

Equations (11), (12) may therefore be reduced to a set of partial differential equations in
the two independent variables ~ and y

V asx V(I - 2v) aJ 1 A. avx
- 2G ae 6(1 + af+ Sx = 7i[

_~ asy V(1 2v) aJ I A aVy
2Gae 6(1+ 8"[+ Sy= ay

V ar '1 [avx avy]
- 2G ae+ Ar

2 oy +~

_~(asx asy) V(1-2v) aJ I A( s) = 0
2G ae + o~ + 6(1 + v)G a~ + Sx + y
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In plastic regions the additional equation F = 0 applies, so that there are a total of
seven relations for the seven unknown quantities sx' Sy' T, J l' vx ' vyand A> O. In non­
dissipative regions equations (14) and (15) apply, but the function A vanishes identically,
A. == 0, while F must satisfy either F < 0, or the two conditions F = 0, F ::; 0 simultaneously.
In the nondissipative case there are only six differential equations and six unknown
quantities. The complete solution of the problem is to be obtained from the six differential
equations (14), (15) and the applicable relations on Aand F, subject to appropriate boundary
or initial conditions at the surface and at the junctions of the as yet unknown regions.

It is demonstrated in [6, Appendix B] that the system of differential equations in plastic
regions is hyperbolic for the case under consideration, V> Cp, there being four character­
istic directions which, due to the nonlinearity, are stress dependent. The problem in non­
dissipative regions [1] is also hyperbolic, but without the stress dependency. Without the
subdivision of the domain into regions of unknown extent, e.g. in the purely elastic super­
seismic problem [1], uniqueness could be established by available theorems on the initial
and boundary conditions required. In the present case of mixed regions of unknown
extent no such general theorem is available, and the question of uniqueness of transient
as well as steady-state solutions can not be answered in general. For the solution obtained
here uniqueness will be demonstrated by detailed examination of all possibilities for
solutions which satisfy the various conditions listed below.

1. On the surface, y 0, a step pressure P = PoH(Vt-x) normal to the surface is
applied, so that, with reference to equation (13)

while

{
-POD

(J'y =
for

for
(2.16)

T == O. (2.17)

(2.18)

2. It is known from a general study of elastic-plastic wave propagation [7] that the
largest characteristic velocity possible is Cp, the velocity of elastic P-waves. All stresses
and velocities must therefore vanish outside the wedge formed by the negative ~-axis and
the P-front which is inclined at the angle

A.. _ • _1{1 J[2G(1- V)~}'l'P - n-sm -
V p(1-2v)

with the ~-axis, Fig. 5.
3. While the character of the solution of the transient elastic-plastic problem near

~ = y = 0 is not known, in the corresponding elastic problem no singularity occurs in
the region of nonvanishing solutions for stresses and velocities. Subject to later confirma­
tion that the steady-state problem permits solutions without singularities such solutions
are prescribed. It is subsequently seen that they exist, and are unique.
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FIG. 5

To apply dimensional considerations new variables

R = .j(¢2 +y2)

~ = coct(f,)
(2.19)

(2.20)

are introduced. The differential equations and the various additional conditions which
determine the solution contain only the dimensional quantities: p, V, G, k, Po and the co­
ordinate R. However, three of these six quantities can be expressed by three others and by
three nondimensional parameters. A suitable independent set of dimensional quantities,
Po, V and R, is used, while the remaining quantities enter the problem only in the non­
dimensional combinations pV 2/G, Glk and Polk. The stresses, velocities and the quantity
Ain terms of functions of nondimensional variables become

(2.21 )

(2.22)

(2.23)

The first two relations satisfy requirement 3 that stresses and velocities are not singular
at R = O. The quantity A has a singularity for R = 0, but this is not objectionable because
only its sign, not its value is of physical significance.*

Using the new variables R,~, and noting that the expressions (21), (22) are not functions
of R, one finds for the derivatives in equations (14) and (15)

o sin ~ d
a¢ - -~ d~

o cos ~ d
oy=~ d~'

(2.24)

(2.25)

* In addition, as A does not occur in the elastic case used as guide one can conjecture that it may show the
same behavior in a transient problem.
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In this fashion the partial differential equations (14), (15) in ~ and y become ordinary ones
in the variable 4J. Because of the manner of solution to be employed the unknowns sx' Sy

and r are replaced by three new dependent variables SI' S2 and e,
Sx = SI cOS 2e+s2 sin2e

Sy = S2 cOS2e+s l sin20

r = (SI -S2) sin 8 cos e

(2.26)

(2.27)

(2.28)

SI and S2 are the two principal stress deviators while e is the angle between the direction
of S I and the horizontal, Fig. 4. Introducing further the angle y between the direction of S I

and the position vector, Fig. 4,

f = 4J-8 (2.29)

and eliminating the velocities l'x, vy , the six differential equations (14) and (15) lead to
the first four of the five differential equations*

-(~) 0 (SI +S2) S'1
l+v

sin2}, COS 2}1 (1- 2V)1-3X -- -sin 2y 0 s~
l+v

1sin 2}' 1sin 2y sin 2y 2X-l 0 1J '1 =0

sin2y-X X -COS2 }1 -cos 2y 0 -X(SI -S2) (SI -S2)8'

2s 1 +S2 SI +2s2 0 0 0 L (2.30)

Primes indicate differentiation with respect to 4J, and L is related to A,

2GR
L == V sin 4JA. (2.31)

The function L is subject to the same conditions as A, i.e., L > 0 in plastic regions, L = 0
elsewhere.

Equation (6), valid in plastic regions may be differentiated with respect to time, F = O.
Introducing equations (24H28) into this relation leads to the fifth equation (2.30).

The system ofequations for elastic regions consists of the first four equations (30) without
the terms containing L, i.e.,

-1
l-2v

-1 -- 0 S'I
l+v

sin 2y cos2y
1-2v

l-3X-- -sin 2y s~
l+v =0 (2.32)

sin 2y sin 2}, 2 sin 2y -2(l-2X) ~J'l

sin 2y-X X -cos2y -cos 2}' 0 (SI -s2)8'

* Details of manipulations are given in [6].



828 H. H. BLEICH and A. T. MATTHEWS

3. SOLUTIONS FOR INDIVIDUAL REGIONS

As a first step towards the construction of overall solutions, expressions for individual
regions must be derived. The latter will be combined in Section 4 to find the solution for
the entire domain.

(a) Nondissipative regions

Equations (2.32) are linear and homogeneous so that the derivatives of the stresses
s~, S2' J'1 and the value (SI s2)8' vanish, unless the coefficient matrix in equations (2.32)
is singular, requiring

X(l-2X)[1 +(1-2X)(l-2v)] = O.

Equation (l) has two significant roots,

1 v
X p = 1-

and

(3.1)

(3.2)

(3.3)

and a spurious one, X = O. Substitution ofthe two roots X p and X s into (2.39) furnishes the
two locations

<pp = n-sin 1 cp
(3.4)

V

<Ps = n-sin
1 Cs (3.5)

V

where Cpand Cs are the velocities of P- and S-waves. respectively. In all locations <P i= <pp
or <Ps the values s'[' S2' II' (s 1 - S2)O' vanish, so that in nondissipative regions the stresses
must remain constant except at the locations <pp and <Ps. The latter being the potential
locations of elastic P- and S-shock fronts, respectively. it is known that discontinuities
in stresses and velocities may occur at these locations and may, therefore, be part of the
complete solutions to be constructed. The following pertinent details will be required
subsequently.

(l) The P1ront. Designating the discontinuous changes in the various quantities at the
front by the symbol L1, the discontinuities in the stresses aN' aT = 0'= (normal and tangential
to the front, respectively) and in the component UN of the velocity (normal to the front) are
proportional to L1O'N

(3.6)

No other discontinuities can occur in this location.
The changes L1O'N and L1O'T are of course limited by the yield condition F S 0 which

mnst be satisfied on either side of the front.
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In the actual solution a P-front will be encountered only for the special case where the
region ahead of the front is stressless and at rest. The normal to the front is then a principal
direction for the stresses behind the front, so that y = °or n/2. Selecting Ut == UN' corres­
ponds to

(3.7)

The value of the other quantities of interest behind the shock front are

{3 = 3,
2(1- 2v)u 1

Sl = 3(1-v) ,

subject to the limitation

(1- 2v)u 1
S - -----=-

2 - 3(1-v) , (3.8)

(3.9)

(3.10)

imposed by the yield condition.
(2) The Slront. At an S-front discontinuities occur only in the shear stress rN = rT = r
and in the tangential velocity VT . The change in velocity is proportional to ilr.

ilr
ilvT =­

pes

In addition, the yield condition F ::; °must again be satisfied ahead of and behind the front.
The relations between the state of stress on either side of an S-front in terms of ilr

and of the variables Sl' S2, {3 and y can be obtained in such routine manner that only one
result actually used in Section 4 is presented here.

It is possible for an S-front to occur between two neutral regions, i.e. regions of constant
stress for both of which the yield condition, F = 0, is satisfied. In this special case the
quantities {3, J l' S 1 and S2 have no discontinuity at the front, only the direction of the
principal stress changes. The values of the angles y, yahead of and behind the front, re­
spectively, are complementary

as shown in Fig. 6.

y = n-y

FIG. 6

--_·v

rSURFACE

(3.11)
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(b) Plastic regions

In such regions equations (2.30) apply. They are linear and homogeneous in the values
s'[ , s~, etc., and may be satisfied by

(3.12)

However, L = 0 implies A. = 0 which violates equation (2.9). It follows that in plastic
regions the determinant of equations (2.30) must vanish, giving the "determinantal equa­
tion"

where

and

b1 = 2[1 +(l-2v)(I-2X)]

b2 = fJcos2}'+(l-2X)(I-2v)

b3 = (I +v)(I-2X)-plX

. (3.13)

(3.14)

(3.15)

(3.16)

(3.17)

Due to the vanishing of the determinant only four of the five equations (2.30) are
independent. By definition L must not vanish, so that S'I, s~, J'[ and 0' can always be
expressed in terms of L,

s~ =

(3 - P)b4 (s 1+s2)L
3b2

(3 +P)b4 (s[ +s2)L

3b2

0' = +sin 2y b3 L
[i(l-2X)b2

J, = 3(1 +v)[b _2ab ](SI +S2)L
1 (l 2v) 2 31' 4 b

2

Velocities and accelerations may be obtained from the relations

, - V sin 4> (SI +s2)L[b a . (2 A..) 2b . A..]
Vx = b 21' sm Y- 'V - 3 sm 'V

2G(l-2X) 2

, _ - V sin 4> (s[ +s2)L[b R (2 A..) 2b A..]
Dr -' 2G(I-2X)b

2
21' COS Y-'V + 3 COS 'V

V. 4>'V = -sm t'x R x

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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where

b4 = (1 + v) cos 2y +PX(1- 2v). (3.26)

Since equation (13) must remain valid throughout a plastic region, it may be differen­
tiated with the respect to cjJ. This leads to an expression which contains the first derivatives
ofthe stresses linearly, so that substitution ofequations (18)-(20) furnishes a linear equation
for L. Its solution gives L as a function of P, y and of the position angle cjJ,

L = 3b2(l-2X){X sin 2cjJ [4(l-2v)(b 2 +b3)+b 1(P 2 +2+2v)] +4b2P sin 2y sin2cjJ } (3.27)
4 sin2cjJ (3 +p2 )(1_ 2X)b4 (b 2 cos 2y - b1PX)+ 3b2b3 sin22y

The values ofthe derivatives S'l ,S2' J'l and ()' can be obtained by substitution ofequation
(27) into equations (18)--(21).

In principle equations (18)--(27) permit the numerical determination of the values of
stresses and velocities in the interior of a plastic region by quadratures if the values on
one boundary of this region are known. The starting values must inherently satisfy the
yield condition, F = 0, and the determinantal equation (13). Further, the condition L > 0
must be satisfied, to assure that the result applies.

Statements on the roots of the determinantal equation (13) can be made wI ich are
vital in the complete solution of the problem in Section 4. It is shown in [6, Appendix B]
that, for any state of stress equation (13) has four roots cjJ{J), j = 1,2,3,4, in the range
o~ cjJ ~ n. Additional roots, cjJ = cjJ(j) ±nn, where n is an integer, exist but are of no interest.
The roots cjJ(j), which depend on the state of stress, are subject to the following inequalities:

0< cjJ0) ~ n-cjJs

n-cjJs ~ cjJ(2) ~ n-cjJp

cjJp ~ cjJ(3) ~ cjJs

cjJs ~ cjJ(4) < n.

(3.28a)

(3.28b)

(3.28c)

(3.28d)

Due to the fact that the solution to be obtained in Section 4 vanishes for all values cjJ < cjJp,
only equations (3.28c, d) will be of consequence.*

(c) Discontinuities (shock fronts)

It is known that in transient problems one, but just one type of plastic shock front can
propagate in the elastic-plastic material considered here [7]. However, such a front can
exist only in locations where the normal to the front lies in the direction of one of the
principal stresses, while the other two are equal, and where the yield condition is satisfied.
The velocity of propagation of the front is

c=j: (3.29)

* As a matter of general interest it is also shown in [6, Appendix B] that equation (13) is the equation for the
characteristics for this problem, so that the four roots t./iUl define the four characteristic directions. One double
root may occur. either t./ill) = t./i(l) = n-t./is or t./i(3) = t./i(4) = t./is.
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where K = [2(1 + v)/3(1- 2v)JG is the bulk modulus. The discontinuity is restricted to the
particle velocity VN normal to the front and to the first invariant J I' The change /1J 1 must
have the same sign as J 1

/1J 1
7;>0.

The other conditions stated define the values of y and f3

f3 = 3.

(3.30)

(3.31 )

(3.32)

A discontinuity traveling in real space with velocity c, equation (29), can occur in the
steady state problem only in the location

<p = n - sin - 1(~ ).

The corresponding value of X is

- l+vX= .
3(1-2v)

(3.33)

The denominator in equation (27) vanishes, as expected, for these values of y, f3 and X.
The possibility of the occurrence of this discontinuity (shock) must be considered when

constructing the complete solutions in Section 4. It was actually found that no such shocks
occur, except in the limit, V --+ 00. However, for large values of the parameter Polk defining
the surface load, the solutions come extremely close to the singular values representing a
shock, so that computing difficulties occur.

(d) Asymptotic solutions near singularities

As stated in the previous paragraph, numerical difficulties in the vicinity of ¢ = <p
will make the procedure for integration of equations (2.30) outlined in subsection (b)
unsuitable and inapplicable if the values of f3 and yare sufficiently close to those for a plastic
front, f3 = 3, y = n12. To establish the behavior of the solution of equations (2,45) in such
cases, let

n
y = "2+1]

f3 = 3+/1

¢ = <p+ Ei

(3.34)

where 1], A and Ei are small quantities. Introducing these expressions into the determinantal
equation and into the differential equation (20) for ()', retaining only the leading terms in
each of the new variables, one obtains for v # k

(3.35)

(3.36)
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Combination of equations (17), (18) and (19) permits the formulation of a relation for
dd/de == {3',

dd 2- = (a311 - d)L.
de

(3.37)

These three equations govern the solution in terms of the three unknowns 11, d and L.
The derivative of J 1 becomes

dJ 1 _ 6(1 + v)kL
de - (1-2vl.J[3+(3+d)2J

(3.38)

while Sl and S2 can be found from the yield condition and from equation (34) once d is
known. A solution of the above equations is valid only if the inequality (28), L > 0, is
satisfied.

The coefficients a i are

288(1 + v)
al= 1-8v

a = 48(1 +V))[3(1- V)V2 Il
2 1-2v (l+v)c~ J

6(5 -4v)
a3 = 1-8v

2(1 + v)
a4 = 1- 8v .

(3.39)

The terms (1- 8v) in the denominator of several coefficients necessitate exclusion of the
case v = t.

The three asymptotic equations (35}-(37) are nonlinear and do not have closed solu­
tions.* Numerical integration near e = d = 11 = °would again encounter difficulties
because of the presence of the same type of singularity which occurs in the original differ­
ential equations. However, Appendix A shows that simple expressions exist which describe
the asymptotic behavior of the solution of equations (35}-(37) near e = d = 11 = 0. These
equations being asymptotic approximations for the original differential equations, the
behavior of the solutions of the latter is also described by the results obtained in Appendix
A. It is shown that equations (35}-(37) for v =F k have limiting solutions consisting of
separate branches. Because the signs of several of the coefficients ai differ for v ~ k, the
two cases have different character.

* By elimination of Land Ll. one can find, as alternative to equations (35H37). a first order differential equation

(3.40)

where

(3.41)

valid provided a4 ¥- - 1 (i.e. v ¥- 1).
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t > V > l In this case solutions exist only for e ::;; 0, which is due to the character of
equatioIi(35). Noting a I < 0, al > 0, the left-hand side of the latter is a sum of squares
and therefore positive and no real solutions Ll. I] can exist for e > O.

Two types of limiting solutions exist, given by equations (A.3, 4, 7) and equations
(A,8, 9,14), respectively.

In solutions of Type 1, I] is proportional to ,j( - e), while d, which is proportional to e,
is much smaller than 1], so that approximately Ll ~ O. The reverse applies for solutions of
Type 2, where Ll is proportional to,j( -e) and I] ~ O. The sign of the square roots is arbitrary,
so that in each case the solution for the respective quantity has two branches.

Whenever the numerical integration of the original differential equations. (2.30),
approaches 4> = if). the values I] and d must approach one of the asymptotic solutions. In
Section Sa, where numerical cases are discussed, the actual and the asymptotic solutions
for Ll are shown in Fig. 15 for a typical case where v > k. The values of the stress deviators
Si being defined by f3 3+Ll,and Ll being a small quantity, SI and S2 at the terminal point
of the integration (i.e. at the end of the plastic region) must have a value close to that for
f3 = 3, viz.

_2,j3k
S~+--

1 3 3
k

(3.42)

The signs in these expressions depend on the branch used in approaching 4> ..... if). The
value of J 1 is to be determined from equation (38). Regardless of the type of solution,
equations (A.4) and (A,9) indicate that L, and therefore J'b are proportional to lie. As the
terminal point of the integration moves closer to e = O. the integral of J'1 ' i.e. the value of
J 1. increases without upper bound. While Si' () and)' are practically constant near the
singularity, a very large change in J 1 occurs in a very small angular region. The magnitude
of this change depends on the stopping point. i.e. on the end of the plastic region. In a
plastic shock J 1 is discontinuous, while Si. () and}' remain constant and the solution
described above is quite similar to such a shock, except that the change in J 1 occurs in a
small, but finite region of 4>. The solution describes, therefore, a "plastic shock"' of finite
thickness.
o::;; l' < k- In this case a1 > 0, so that equation (35) permits solutions without restriction
~astic region may therefore contain the point 4> if). It is shown in Appendix A
that for e > 0 solutions of Type 1 apply. equations (A.3. 4, 7), where I] is proportional to
,je, while Ll ~ I] is linear in e. For e < 0 the solution is of Type 2. Ll being proportional to
,j( -e). while I] ~ Ll is linear in e. A solution which extends continuously to both sides of
4> = if) must therefore follow first the one, then the other type oflimiting solution. However,
the two are not continuous in the derivatives, so that an actual solution cannot follow
either one asymptotically to the origin e = 0 as was the case for v > k. An actual solution
must have a smooth transition, contained in equations (35)-(37), but lost in Appendix A
due to the approximations required. Figure 17 and 18, presented in Section Sa in connection
with typical numerical results, show the actual and the asymptotic solutions. The details
of the transition could be obtained by numerical integration of equations (35)-(37). Even
without such integration, one can already state qualitatively that, just as for v > k. the
quantities Si' (), }' will undergo only minor changes near 4> = (f). The value J l' however,
will change radically, it becomes larger without bound, when the solution passes closer
to the point fl = Ll e O. Again, the actual solution in the vicinity of the singularity
may be said to be a plastic shock of finite thickness.
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The numerical solution for the special case v = i, and its asymptotic solution have been
considered in [8, Appendix B].

When the asymptotic solutions were obtained it was expected that the numerical
integration of the original differential equations could be carried sufficiently close to the
singularity, so that the range of validity of the two solutions overlaps. Due to the very severe
singularity this expectation was not borne out by the facts. To obtain a satisfactory overlap
of solutions, approximate equations, similar to equations (35)-(37), but retaining higher
order terms, were formed, and integrated numerically. The details are given in [8]. While
the solutions in closed form obtained in Appendix A give a good qualitative understanding
ofthe shock front offinite thickness described above, they are not sufficient to find quantita­
tive results, which can be obtained from the analysis in [8]. For this reason, combined
with the complexity of the refined equations required for the special case v = t, no attempt
was made to find an asymptotic solution for this case in closed form.

An important conclusion which may be drawn from the character of the asymptotic
solutions concerns the question whether a plastic shock may occur in the interior, or at the
boundary of a plastic region. If this would occur the change in value of J 1 in an interval
including the shock location ;p would be infinite, because the integral ofdJ tidE is divergent
at the point ~ == 1f == E == O. This ofcourse cannot occur in an actual case where the surface
load Polk is finite, so that only the possibility of a shock front between nondissipative
regions is to be considered in the construction of solutions.

4. CONSTRUCTION OF SOLUTIONS

In Section 3 a number of partial solutions were obtained from which the solution of the
complete boundary value problem is now to be constructed. Section 3b gives the differential
equations for the determination of the stresses and velocities in plastic regions; Section 3a
indicates that all unknowns in nondissipative regions are constants, except for dis­
continuities of a prescribed nature at the locations </Js and </Jp. In addition, as discussed
in Section 3c, a shock front with plastic deformation may occur at the location ;Po

In Section 2 boundary conditions, and additional requirements, which the solution
must satisfy, were formulated and discussed. Equations (2.16 and 17) for the prescribed
surface load in terms of the variables Si' J 1 ' }' and </J require either

or

J l(n)
sdn)+ ~3~ = -Po,

J l(n)
s2(n) + ~3- = -Po,

n
8(n) = 2

8(n) = 0

(4.1 a)

(4.1b)

A further boundary condition requires that all quantities must vanish for </J < </Jp,
equation (2.18). This condition, in conjunction with the fact that a plastic region or a plastic
shock can exist only in locations where the yield condition is satisfied, permits the con­
clusion that the change in stress from vanishing values for ¢ < </Jp to nonvanishing values
must be nondissipative. However, in nondissipative regions the stresses are constant,
except for discontinuities at ¢ = </Jp or </J = </Js. A solution in which plastic deformations
occur at all can therefore start only in one of the two ways described below.
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Case 1
Discontinuities occur at the P- and S-fronts, where the discontinuity at <p p satisfies the

inequality

while the discontinuity At at <Ps is of such magnitude that the yield condition

F[<P~+)] = 0

(4.2)

(4.3)

(4.4)

is satisfied. The symbols (+) or (-) indicate approach from above or below, respectively.

Case 2

A discontinuity occurs at the P-front, described by equations (3.7,8), so that the yield
condition is satisfied for <p = <p~+), i.e.

[
.,1,(+)] _ J3 (1 v)k

0'1 'l'P - 1-2v

In Case 1, plasticity may occur only in locations <p > <Ps, while, in Case 2 it may occur
already for <pp < <p < <Ps.

As a next step in the search for solutions it is helpful to consider the latter as a function
of the nondimensional surface pressure Polk, while Poisson's ratio v and the velocity V
are considered constant. For sufficiently small values of Polk the solution must be entirely
elastic, but as Polk increases plastic regions must occur and should form a gradually
changing pattern. Based on [1] one can find the limiting value PElk, above which entirely
elastic solutions are no longer possible.

P-FRONT

FIG. 7. Configuration of elastic solutions.

The elastic solution, shown in Fig. 7, has two discontinuities at <pp and <Ps with regions
ofconstant stress between <ppand <psand between <psand the loaded surface <p = 1'[. Depend­
ing on the values of the parameters vand Vlcp the yield condition may be reached in either
of the two regions resulting in different expressions for PElk. If the region <p > <Ps controls,

PE [ 3N
2 J!

k = 3N2 3N cos 2<p;+'(l-v+V2)cos22<ps (4.5a)
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where

while

N
1
2[cOS 24>s+(1-2v)cos 2(4)s-4>p)] (4.5b)

(4.6)P: = [(1-2V~~:S224>sT
ifthe region 4> < 4>s controls. The decision which region controls can be made by comparing
the values given by equations (5) and (6), the smaller one controlling. Designating as
Range I the combination of values v and V/cp where equation (Sa) controls, one finds that
in this range

(
V)2 (1-2v)2
Cp > (1- v)(l - 3v)"

(4.7)

The remainder of the range will be designated as Range II. Both ranges are shown in
Fig. 8. The limiting values PE/k are shown in Fig. 9 for several values of v as function of
V/cp.

If the surface load exceeds the value PE/k by a sufficiently small amount the elastic­
plastic solution should differ only slightly from the elastic one, which can be used to predict
the character of the solution. Because the situations differ, the Ranges I and II must be
discussed separately.

vcp
3.0

RANGE I

z.o

V 1- Z I'

c;: '/0-1')(1-31')

o+o--""---.T""z--.T""3-'--.4..----.5~-I'

FIG. 8
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4.0

EQ.(4-61 RANGE 1r
~ -1".35

3.0

1"1/4

2.0

v' 1/6

1"0

1.0 ,
I

I

1.5 V/Cp1.41.31.21.11.0
o +--v'---I---.---r-----,----r----,---....

o

FIG. 9. Upper bound rdk 10 elastic solutions.

(a) Solutions in range I

In this case PElk is given by equation (Sa) and the yield stress in the elastic solution is
reached only in the region c/> > C/>S. The discontinuity a I satisfies then the inequality (2) and
continuity requires that this inequality will still apply for a range of values
pdk > Polk> PElk, where PL is a limiting value, not yet known. In this range the start of
the solutions will be according to Case I and plasticity can therefore occur only in the
region c/> > c/>s·

Using an indirect approach, the determination ofplastic solutions for values Polk < pdk
begins with the selection of a pair of starting values a I and ~r near those for the limiting
elastic case. Experience and continuity considerations indicate that the value la tI should
be larger than lad corresponding to PE given by equation (Sa). A plastic region can start
only at a point c/> I which is a root of equation (3.13). The inequality (3.28d) indicates that
this equation has one, but only one root c/>l > c/>s· Starting integration at c/> = c/> 1 the
solution in the interior of the plastic region is determined from equations (3. t8-27). The
plastic region can be extended as long as equation (3.27) gives values L > 0, but the plastic
region may be terminated at will at any earlier location c/>2' The solution for c/> > c/>2 is
then nondissipative, i.e. all quantities are constant. If, therefore, in the process of forward
integration a value (J is encountered which satisfies equation (l), the plastic region is
terminated and a solution for one value of the surface pressure Polk has been obtained.
Repeating this process with gradually increasing starting values la ,I the whole spectrum
of values satisfying the inequality (2) can be explored. Solutions, if any, obtained in this
manner will have the configuration shown in Fig. 10, i.e. discontinuities at c/>p and C/>S and
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a plastic region n > cPz > cP1 > cPs. There will be an elastic region of constant stress
from cPP to cPs and two neutral regions to either side of the plastic one.

P-FRONT

FlG.10

Postponing the discussion of uniqueness and of alternative configurations, one can
proceed in a similar manner when the solution begins at cP cPP as indicated in Case 2.
Starting with a value (J 1 according to equation (3), the yield condition is satisfied for any
value cP > cPP, so that the determinantal equation (3.13) according to equation (3.28c, d)
now has two roots, cP1 Z cPs, at which plastic regions may start. Both roots must be explored.
If the larger one, cP1 > cPs, leads to a solution, it has a configuration as shown in Fig. Ila.

/
~/

$
P'FRONT

FIG.Ila

Starting, alternatively. with the smaller root, cPP < 4>1 < cPs, several possibilities are to
be investigated. The integration may be continued as long as L > 0 to see ifa value e= 0 or
nl2 can be reached. The configuration of such a solution. if any, is shown in Fig. lib.
Alternatively. the plastic region can be terminated at will at a point cPz < cPs where
e =F 0, n12. The plastic region will then be followed by a neutral one for values cP > cPz. The
inequalities on the roots ofequation (3.13) indicate that there is just one more root cP3 > cPs,
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NEUTRAL REGION

-v

P-FRONT

FIG. lib

when a second plastic region can begin. Starting integration at this point may lead to a
terminal location cP4' where e= °or n12. The configuration of such a solution, if any,
Fig. llc, contains a P-front and two plastic regions, separated by three neutral regions.

P-FRONT

FIG. lie

There are, however, further possibilities. The neutral region cP > cP2 which follows the
first plastic one may be terminated at cPs by an elastic change in shear, ~r, which is restricted
in sign and intensity by the yield condition. If ~r is such that F[cP~+)J < 0, the region
cP > cPs becomes elastic. This might permit values e= 0, nl2 at the surface, the correspond­
ing solution having the configuration of Fig. 12. Finally, the important case must be
considered where the value of ~r is such that F[cP~+)J vanishes again, a situation discussed
in Section 3.a.2. In the latter case there is again a neutral region for cP > cPs, which can
be followed by a plastic region because equation (3.13) has a root cP3 > cPs giving a starting
location. The configuration of a solution obtained in this manner is shown in Fig. 13.

(b) Solutions in range II

In this range PElk is given by equation (6) so that in the limiting case Polk = PElk yield
isjust reached in the region cPP < cP < cPs. The discontinuity (J 1 at the P-front must therefore
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FIG. 12

FIG. 13

satisfy equation (4), which will also hold for neighboring elastic-plastic solutions where
Polk exceeds PElk slightly. These solutions will therefore start at c/> = c/>p according to
Case 2. In the limiting solution for Polk = PElk the region c/> > C/>S is below yield and
continuity requires this to hold in neighboring elastic-plastic solutions, so that the plastic
region must lie in the range c/>p < c/>1 < c/>2 < c/>s. The construction of solutions, Fig. 12,
begins exactly as for Polk> pdk. For each terminal point c/>2 the strength of the dis­
continuity Llr at the shear front is determined by the requirement that () = 0 or n/2 subject
to the limitation F[c/>~+)J ~ O. When the required value Llr violates this condition a second
plastic region for c/> > c/>s is needed, i.e. the configuration shown in Figs. lIc and 13 are to
be investigated.

(c) Alternative solutions, and considerations of uniqueness and existence

In the absence of a uniqueness theorem it is vital to demonstrate that configurations
other than those shown in Figs. 10-13 can not lead to solutions. According to equation
(3.28) the determinantal equation (3.13) has for a given state of stress one root C/>, no more
no less. in each of the intervals c/>p < c/> < c/>s and c/>s < c/> < n. If a plastic region ends at a
location c/>i in one of these intervals, the state of stress in the remainder of the interval
c/> > c/>i is necessarily neutral and uniform, and equal to the one at the terminal point c/>i of
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the plastic region. <Pi is therefore the only solution of equation (3.13) for this state of stress
in the particular interval and no more than one plastic zone can therefore occur in any
interval.

In Section 3c the possibility of discontinuous plastic shock fronts has beeR iftdicatod
and their occurrence must be considered. First, it bas been concluded at the end of Section
3d that a plastic shock cannot occur in the interior of a plastic region nor at its end, so
that a plastic shock, if it occurs, must lie between nondissipative regions and be quite
separate from a continuous plastic region. Further, such fronts can not occur in an interval
<Pp < <P < <Ps or <Ps < <P < n where a plastic zone occurs, because equation (3.13) which is
satisfied in the location of a plastic shock would then have two roots in the same interval.
This reasoning leaves only the possibility ofconfigurations similar to Figs. 10-13, where one
of the plastic zones is replaced by a plastic shock. For v > k, where if) < <Ps, this can not
occur (except in the limit V ~ (0)* because equation (3.31) requires that the principal
stress be normal to the shock front if), while the actual principal stress in the neutral region
behind the P-front is normal to the latter. For v < k, if) > <Ps, so that configurations similar
to Figs. 10-13 might occur where the plastic region degenerates into a shock at if) > <Ps.
This can not happen, however, because the direction of the principal stress behind the
shock front at <p ~ if)(+l, would have to be normal to this front, which contradicts the
requirement () = 0 or n12, on the surface, except in the limiting case V = 00. Discontinuous
shock fronts can therefore not occur at all for finite values of the velocity V, but values of
}' and f3 where the conditions (3.31) are nearly satisfied are encountered. The asymptotic
behavior of the solution near <p = if) in such cases was studied in Section 3d, and examples
are given in Section 5.

The preceding discussion shows that for finite values of V no plastic shock front can
occur and that there can be no more than one plastic region in each of the intervals
<pp < <p < <Ps, <Ps < <p < n. Combined with elastic discontinuities at the P- and S-fronts,
only the limited number of configurations shown in Figs. 10-13 are possible.

The numerical analysis by digital computer was set up to investigate all possible
alternatives, i.e. the configuration according to Fig. to if the starting value 0' 1 satisfies
equation (2) and any of the alternatives shown in Figs. 11-13 if 0'1 satisfies equation (3).
While none of the configurations shown in Figs. 11a-c ever furnished a solution, no general
proof permitting elimination of these cases is available.

In Range I solutions which start according to Case 1, have the configuration of Fig. 10.
For fixed values of v and V, these solutions form a family which depends on one parameter,
the selected starting value 10' 11 > 10' lEI. It was found that the surface load Polk increases
monotonically with 10'11 until the limit, equation (4) for 0'1 is reached, which leads to a
limiting value of the surface load pdk. However, no analytical proof of the monotonic
increase of Polk is available.

The solutions found for Range I, which start according to Case 2, had always the
configuration shown in Fig. 13. These solutions also depend on one parameter, viz. the
stopping point ¢2 of the plastic region between ¢p and ¢s. If <P2 is selected only slightly
larger than ¢ I' the solution must obviously be very close to the limiting one for Case I, so
that in such a case Polk>: pdk and there is a smooth transition from the configuration
according to Fig. 10 to that of Fig. 13. The numerical analysis indicated that the surface

* In Ihis case the surface pressure is applied simultaneously everywhere on the surface, producing the trivial
result of a P-wave followed by a plastic shock. both having horizontal plane fronts.
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load Polk increases monotonically with cPz. As cPz approaches a limiting value the surface
load goes to the limit Polk -+ OC', for reasons explained in Section 3d.

In Range II, only solutions which start according to Case 2 were found, their configura­
tions being as shown in Figs. 12 and 13. Figure 12 applied for values PElk < Polk :s; pdk
where pdk is a bound. The corresponding family of solutions depends on the stopping
point cPz ofthe plastic region. The bound pdk is reached when the elastic region for cP > cPs
becomes neutral. For larger values ofPolk Fig. 13 applies and all statements made in Range I
for this case apply.

In Range I as well as in Range II, combination of all solutions obtained numerically
furnished one, and only one solution for each value of Polk> PElk. However, no general
proof is available that this must be so. Existence and uniqueness of the solutions obtained
must therefore be demonstrated for each combination of values v and Vlc p by actual
computation of the families of solution according to the configurations shown in Figs.
10--13.

5. RESULTS AND CONCLUSIONS

(a) Discussion of't.l'Piclll numerical results

The numerical integration of the simultaneous differential equations (3.18~21) in
plastic regions was accomplished by a Runge-Kutta forward integration scheme of fourth
order [9]. Computations were programmed in Fortan II for an IBM 7090 digital computer.
Only typical results representing the various configurations will be given here for the case
of the velocity V = 1'25cp for several values of Polk and v. An extensive tabulation of
additional results is given elsewhere, [8]. Significant differences in the solution for large
values Polk occur, depending on whether v ~ k, so that examples for both situations are
presented.

For v = t V = 1'25cp the limiting value Polk up to which the solution is entirely elastic
is PElk = 2·50. Figure 14a shows the detail of a solution for a slightly higher value of the
pressure, Polk = 2·61 > PElk. The configuration has one plastic region in agreement with

4>4 • 160.61°

-v

ANGLES 4> NOT TO SCALE

.~. 126.87°

FIG. 14a. Result for v = 0'25, V = l'25c p , Po = 2·61k.
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Fig. 10. The limiting value for this coflfiguration is pdk = 2·65. When the surface pressure
exceeds this value, the configuration contains two plastic zones and is of the type shown
in Fig. 13. The details for the value Polk = 3·58 are shown in Fig. 14b. Further solutions for

4>4 =16Q84°

4>3 =156.76"

ANGLES 4> NOT TO SCALE

FIG. 14b. Result for \' = 0·25. V = 1·25cp. Po = J58k.

_v

4>p =126.87°
ANGLES 4> NOT TO SCALE

FIG. 14c. Result for v = 0·25. V = 1·25cp. Po = 10·5k.

other values of Polk can be obtained by varying the end point 4>2 ofthe lower plastic region.
However, computational difficulties arise when the end point 4>2 approaches the value

([>, which has in the present example the value ([> = 143'39572°. As explained in Section 3d
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a very rapid change occurs in the quantity J l' nearly a shock front, when c/>2 --+ cp, with the
result that the corresponding surface pressure will be large. Figure 15 illustrates the result
of the measures taken to obtain numerical results in this range. First the program for the

\ 11'10
2

TYPE 2-\
EQ.(A-Sl

\ .5

TYPE I, EQ.(A-7)

-1.0 -.5 o

--- ASYMPTOTIC SOLUTIONS

--- INTEGRATION WITH
DOUSLE PRECISION

• • • • FROM APPROXIMATE
DIFFERENTIAL EQUATIONS

• TERMINAL POINT
SOLUTION FOR Po =10.5k

-.5

-1.0

-1.5

-2.0

-2.5

-3.0

FIG. 15. For v = 0·25. Vjcp"" 1·25.

numerical integration was revised for double accuracy (16 digits). When it was found that
this was not adequate to continue solutions sufficiently close to c/> = cp to obtain agreement
with the asymptotic solutions, expansions including higher order terms than used in
Appendix A were made and the resulting approximate* differential equations were
integrated numerically. t This procedure was successful as illustrated by Fig. 15. It was
stated in Section 3d that for v > t there are two types of asymptotic solutions and the
actual solution may approach either one. Figure 15 shows the quantity ~ == f3 - 3 as
function of E == c/> -;p. The solution of the approximate differential equations approaches
the negative branch of the asymptotic solution of Type 2 for very small values of E. The
curve shown is part of the solution for Polk = 10·5. The integral of the original differential
equations even with double precision approaches the asymptotic solution not well and is
in this range inaccurate. However, the solution of the original and of the approximate

* The details of these numerical computations are contained in [8].
t The expansions indicate that near 4> = (fj cancellations of leading terms up to high order occur. which

explains the difficulty encountered.
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differential equations agreed very well for e > 5 x 10- 5, which fact could not be shown
in the scale of Fig. 15. The complete results for the case Polk = 10·5 corresponding to
Fig. 15, are shown in Fig. 14c.

Solutions for other values of v and V are essentially similar, except for solutions for
large values of Polk when v < k, because the asymptotic behavior near <p = (f> changes.
To illustrate such a case, Fig. 16 gives the solution for v = 0, V = !·25cp . As discussed in

fop = 126.87'

ANGLES fo NOT TO SCALE

FIG. 16. Result for v = o. V = 1·25cp.po = 2·\7k.
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-3.0

-4

-~

FIG. I7. For v = O. j; = \·25cp.
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general in Section 3d, in this case, the singular angle iP is situated in the interior of the upper
plastic region, and the asymptotic expressions for t\ = f1- 3. " = y- nl2 as functions of
c: = <p - (f) differ for c: < 0 and, e > 0, and are discontinuous at e = O. Figures 17, 18 show
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\
\
\
\

\ 4.0

\
\ 2.0

1.5 1.0 .5 o .5 1.0 1.5 ex 104
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-6.0 x x x x
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i -2.0

I
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/
--- ASYMTOTIC SOLUTIONS

x

/
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/

/

ZTYPE 2
EO.IA-e)

FIG. 18. For to = O. V = j·25cp.

t\ and I'f given by the asymptotic expressions and the actual integral obtained. For the
value Polk = 8-Q2 considered, the approximate differential equations obtained by expan­
sion of equations (3.35-38), [8J, had to be used. Figure 17 also shows a solution for a lower
value Polk where equations (3.18-21) could still be integrated using double accuracy. As
stated earlier, solutions for various values of the surface pressure Polk are obtained by
changing the end point <Pz of the lower plastic region. In the range under discussion the
computation becomes very sensitive to small changes in <Pz. If an upper bound, which
can only be found numerically, is exceeded the integration no longer leads to a solution
because the value einstead ofapproaching the value e = 90° moves away from it. Figure 17
shows also one of the integrals which does not lead to a solution.

Solutions in Range II, i.e. for values of v and Vlcp located in the cross-hatched area of
Fig. 8, do not differ from those in Range I, except when Polk < pdk. As illustration Fig. 19
treats the case v = 0·35. V = 1'25cp for the surface pressure PElk < Polk = 4·41 < pJk =
6·24. In this solution an elastic region occurs for <p > <Ps.

(b) Conclusions
The effects of a step pressure Po progressing with constant superseismic velocity

V> Cp on the surface of a half-space have been determined for an elastic-plastic medium
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_v
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FIG. 19. Result for v = 0,35, V = 1'25cp , Po = 4·41k.

obeying the von Mises yield condition. The steady-state solutions obtained satisfy addi­
tional conditions selected to ensure that the solutions are asymptotic ones in the vicinity
of the front of the surface load for transient problems of the type shown in Fig. 2.

In spite of the lack of a general uniqueness and existence theorem, a unique solution
was obtained for each combination of the significant nondimensional parameters V/cp , v
and Polk for which numerical computations were actually made. Extensive numerical
results, in addition to the typical ones discussed above can be found in [8].

The elastic-plastic configuration of the solution differs, there being three cases, Figs. 10,
12, 13, depending on the value of the nondimensional parameters. For pressures Polk
below a value PElk, which is a function of v and VIcp, the solutions are entirely elastic. For
larger values of the pressure, in a range PElk < Polk < pdk, the solutions contain one
plastic region, the configurations being shown in Figs. 10 and 12. The former, or the
latter applies when the parameters v and VIcp are in Range I or Range II, respectively,
see Fig. 8. For values of the nondimensional pressure Polk above a limiting value pdk,
which is of course a function of v and VIcp, two plastic regions occur as shown in the
typical configuration Fig. 13.

Two significant features common to all elastic-plastic solutions found should be
noted.

I. While in one-dimensional plane or spherical problems, discontinuous plastic fronts
occur [5,IOJ, they do not exist in the solutions of the two dimensional problem solved.

2. All solutions obtained contain an elastic discontinuity at the S-front, in addition to
the one at the P-front. The latter occurs also in one-dimensional problems and is to be
expected from general considerations of wave propagation. Such considerations also
permit prediction of the possibility of a discontinuity in shear similar to the one in the
elastic solution. The solutions found show that this discontinuity occurs in all cases, a
fact which can not be established by purely qualitative considerations.

In view of the asymptotic character of the solutions obtained, it must be expected that
these two features will be found also in steady-state solutions for non-step loads, Fig. 1,
and in transient cases, Fig. 2.
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The present paper is the first one to give results for multidimensional wave propagation
in elastic-plastic media, except for purely numerical, finite difference schemes* in which
discontinuities can not appear. The solutions found in the present paper permit checks
on the effectiveness of these numerical schemes, particularly in the vicinity of discontin­
uities in the actual solution.

As a by-product of the steady-state solution for the step load, the character of the
partial differential equations for the general case was examined in [6]. For superseismic
velocities V> Cp the equations were found to be hyperbolic.

The method used in this paper is also applicable to cases with other yield conditions.
The equivalent problem for a yield condition

(5.1 )

has been treated concurrently with the present problem [12].
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APPENDIX A

Asymptotic solution ofequations (3.35, 36, 37)

The asymptotic equations (3.35,36,37) have been derived without assumption on the
relative magnitude of the quantities 17, ~ and e, the leading terms in each quantity were

* Computer programs, have been developed for various purposes. an example being [II).
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retained in each equation. Further simplifications of the asymptotic equations are possible
by studying separately the various possibilities for the relative magnitude of '1 and ~.

If '1 and ~ are of equal magnitude, equation (3.35) requires that in the limit 6 ---> 0 the
relations

'1 = Cz.J6 (AI)

hold, where c! and Cz are constants. This assumption leads, however, to a contradiction.
Substituting equation (A I) in equation (3.37), a3'1 z is in the limit negligible compared to ~,

so that

L= (A2)

Substituting this expression and the value of '1 into equation (3.36), the term unity is
negligible compared to a4'1L. The result requires a4 = - I, valid only for v = 1. This valu.
corresponds to an incompressible material where Cp = 00, so that the superseismic prob; ,:1

to be studied here, does not exist. Solutions according to equations (A I) do not apply here.

Solutions of type 1

If, in the limit G ---> 0, '1 ~ ~, equation (3.35) requires

The unity term being small compared to 1/.J6, equation (3.36) gives

1
L=~

2a46

(A3)

(A4)

The requirement L > 0 restricts the sign of 6 for which the solution applies to sign 6

= sign a4 . Inspection of equations (3.39) shows that this requirement ensures az6/a! > 0,
so that equation (3) gives real values of '1.

Substitution of equations (A3,4) into equation (3.37) gives the differential equation

(AS)

the general solution of which is

(A6)

where C is an arbitrary constant. However, the solution (A6) must satisfy the premise
~ ~ '1 where '1 is given by equation (A3). If the constant C does not vanish the exponent
of 6 in the above expression must be larger than 1, or -1/a4 > 1. Use of the expression
for a4 , equation (3.39), indicates that the inequality requires v > 1, an impossible require­
ment. The constant C must therefore vanish, and

(A7)
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The signs of a4 and of azla! which govern the sign of e, depend on the value of v. The
solution applies for e > 0 when v < i, and for e < 0 when v > i. The denominator in
equation (A7) does not vanish in the range 0 ~ v ~ 1, so that the result applies except
for the previously excluded value v = i-

Solutions of type 2

If, in the limit e -..... 0, ~ ~ ~, equation (3.35) requires

~ = .J( -aze) (A8)

(A9)

az being always positive, this solution applies only for e < O. Due to the premise ~ ~ ~

the term a3~z in equation (3.37) is, in the limit, small compared to ~, giving

-1
L=~.

The value of ~ is to be determined from the differential equation (3.36) after substitution
of equation (A9),

(AlO)

(v #-~)

If a4 #- - 2, the general solution of this differential equation is

2e
~ = Ce- a4 /

Z +__
2+a4

(All)

while for v = ~, when a4 = - 2

~ = Ce+dne (A12)

where C indicates an arbitrary constant.
The premise ~ ~ ~ limits the exponent in the first term of equation (All), - a4 /2 > 1.

This condition is not satisfied for v < i, requiring C = 0, but it is satisfied for values of
v > i- Equation (A12) for v = ~ also satisfies the premise ~ ~ ~, so that the constant C
does not vanish in equations (All, 12) if v > i. For v < i the solution for ~ approaches
therefore asymptotically the expression

(AB)(v < k)2e
~=--

2+a4

while the expressions for v > k contain an arbitrary constant and are not fully defined.
While it is possible to find a range of v where in the limit e -..... 0 the term containing C is
negligible, the matter need not be pursued because it will be seen in the examples that for
v > i it is sufficient to know that ~ ~ ~, so that one can use the approximation

(v> k) (A14)

in conjunction with equations (A8.9) for ~ and L.

Resume--Le probleme de la deformation plane d'une charge en gradins se depla~ant avec une vitesse super­
seismique V > Cp sur la surface d'un demi-espace est considere pour un materiau elast-plastique obeissant
a la condition d'ecoulement de von Mises.
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En utilisant l'analyse dimensionelle. les equations de contr61e quasi-Iineaires partiellement ditferentielles
sont transformees en equations ditferentielles non-lineaires ordinaires qui sont resolues numeriquement en
utilisant un ordinateur. Pour surmonter les difficultes de calcul des solutions asymptotiques sont derivees au
voisinage d'un point singulier des equations ditferentielles.

Des resultats numeriques typiques sont presentes pour des valeurs choisies des parametres sans dimensions,
en particulier, de la charge ilia surface Polk. du rapport de Poisson v. et du rapport de vitesse Vlc p ,

Zusammenfassung-Das ebene Problem einer Stufenlast. die sich mit iiberseismischer Geschwindigkeit V > cp

an der ObertHiche eines Halbraumes bewegt. wird untersucht fUr ein elastoplastisches Material, das die Mises'sche
Fliessbedingung erfUllt.

Dimensionalanalyse wird angewandt und die herrschenden quasilinearen pantiellen Ditferentialgleichungen
werden in gewohnliche nichtlineare Ditferentialgleichungen verwandelt, die mittels Digitalrechner numerisch
gelost werden. Urn Rechenschwierigkeiten zu vermeiden, werden asymptotische Losungen in der Nahe eines
singularen Punktes der Ditferentialgleichungen abgeleitet. Typische numerische Resultate werden gegeben fUr
gewahlte Wente der wichtigen nichtdimensionalen Parameter. namlich fUr die Oberflachenlast Polk. die Quer­
dehnzahl v. und des Geschwidigkeitsverhaltnis Vlc p ,

A6cTpaKT-H"CCJIe,n:yeTcli 3a,LIa'fa nJIOCKOH ,LIe<popMal\HIf ,LIJIli IfMnYJIDCHBHOH HarpY3KIf, ,LIBlflKYll\eHCli C
cBepx-CeHCMIf'fHOH CKOpOCTblO V> Cp, no nOBepXHOCTIf nOJIynpocTpaHcTBa. MaTeplfaJI lIBJIlICTCli ynpyro­
nJIaCTIf'fHbIM If yJIOBJIeTBOplicT yCJIOBHIO TeKy'fCCTIf Mlf3eca.

H"cnOJIb3Yll pa3MepHbIH aHaJIH3, npe06pa30BaHo peryJIlIpHbIC KBa31f-JIIfHeHHbIe ,n:1f<p<!JepeHl\lfaJIbHble
ypaBHeHlfli c 'faCTHbIMH npoIf3Bo,n:HbIMH: B 06bIKHOBeHHbIe HeJIIfHcltHbIc ,n:1f<p<!JepeHl\lfaJIbHbIe ypaBHeHlfll,
KOTOpbIC nO,LIC'fHTaHO 'fH:CJIeHHO nplf nOMOll\1f l\1f<PPOBbIX MaIIIIfH. )l,JIli yCTpaHeHlfli TPY,LIHOCTeH CB1I3aHHbIX
CBbI'fIfCJICHH:eM BbIBe,n:eHO aCIfMnTOTIf'feCKIfC peIIIeHlfli BCocc,n:CBe CH:HryJIlipHOH TO'fKIf ,LI1f<p<!JepeHl\lfaJIbHbIX
ypaBHeHlflt .

npC,n:cTaBJIeHO Tlfnlf'fHbIe 'fHCJIeHHble pe3YJIbTaTbI ,n:JIli Bbl6paHHbIx 3Ha'fCHIfH BalKHbIx, 6e3pa3McpHblX
napaMcTpoB, Hanp. )l,JIli nOBepxHocTHOH HarpY3KIf Polk, K03<P<PIfl\lfeHTa nyaccoHa v If OTHOIIIeHIflI
CKOpOCTIf Vlcp.


